On an elliptic billard, we study the set of the circumcenters of all triangular orbits and we show that this is an ellipse. This article follows [Rom14], which proves the same result with the incenters, and [Glu14b], which among others introduces the theory of complex reflection in the complex projective plane.
Overview of the problem
The famous great theorem of Poncelet, cf [Ber90] and [Pon22] , asserts that if there exists an n-sided polygon inscribed in a conic C and circumscribed about an other one D, then there are infinitely many such polygons, and you can find such one for each point of C chosen to be one of its vertices. A classical proof of it can be found in [Ber90] . [GH] and [Sch] give a way to prove it using complex methods.
It has a lot of consequences (see [Ber90] , [DR12] ), especially in billard theory, since it gives a condition to the existence of particular n-periodical orbits in conics. In particular, given an ellipse E, one can find a confocal ellipse Γ to E, to which each triangular orbit on E is tangent; and conversely one can complete each tangent line to Γ in a triangular orbit of E.
We study here the set of circumcenters (the centers of the circumscribed circles) of all triangular orbits in such an elliptic billard E. We want to prove the following: Theorem 1.1. The set C of circumcenters of all triangular orbits on an ellipse is also an ellipse. Remark 1.2. Theorem 1.1 is obvious in the particular case where the ellipse is a circle, because then the set of circumcenters is reduced to a single point. Thus, from now on we will consider that the ellipse is not a circle.
There are many other results similar to theorem 1.1. Dan Reznik discovered experimentally the same result for the incenters of triangular orbits (cf the video [Rez] ) and [Rom14] (whose proof widely inspired ours) confirmed these observations by proving them. [TS] proved that the loci of the centers of mass (and of an other particular point) of a 1-parameter family of Poncelet n-gones in an ellipse is an ellipse homothetic to the previous one. It also mentions that a similar result was proved by Zaslawski, Kosov and Muzafarov for the orthocenters ( [ZKM03] , reference from [TS]). And [Gar16] uses explicit calculations to prove that the loci of incenters and orthocenters of triangular orbits are ellipses, and describes them precisely.
Before going into details, we give here a brief summary of the proof, which is inspired by the proof of [Rom14] where a lot of this article's ideas were found. Coming from this article, proposition 2.13 is particularly useful. We consider the projective complexified version of C, denoted byĈ, which is an algebraic variety (consequence of Remmert Proper Mapping Theorem, cf [GH78] p. 34). Then we show that the intersection of the complex curveĈ with the foci line of the ellipse is reduced to two points, each one of them corresponding to a single triangular orbit. Further algebraic arguments on the intersection type ofĈ with the foci line of E allow to conclude that it is a conic. It's then easy to check thatĈ is an ellipse since its real part is bounded.
As explained, one considers the projective complex Zariski closure of the ellipse E and a complexified version of C,Ĉ. In order to defineĈ and to prove the first statement concerning the intersection with the foci line, we study an extension of the reflection law and of the triangular orbits to complex domain, as in [Rom14] . Complex reflection law and complex planar billiards were introduced and studied by A. Glutsyuk in [Glu14b] and [Glu14a] . See also [Glu17] where they were applied to solve the two-dimensional Tabachnikov's Commuting Billiard Conjecture and a particular case of two-dimensional Plakhov's Invisibility Conjecture with four reflections.
The section 2 is devoted to understanding the complex orbits in a complexified ellipse: in subsection 2.1, we introduce the complex reflexion law; subsection 2.2 recalls some results about complexified conics; we further define what is a triangular complex orbit in subsection 2.3; then, in subsection 2.4 we introduce the definition and we study properties of complex circumscribed circles to such orbits: proposition 2.20 and corollary 2.22 are the main results of section 2. Finally, section 3 is devoted to the proof, using previous results.
Complex triangular obits on an ellipse

Complex reflection law
Considering an affine chart whose coordinates will be denoted by (x, y), we have the inclusion R 2 ⊂ C 2 ⊂ CP 2 , and CP 2 = C 2 ⊔ C ∞ , where C ∞ is the infinity line. As introduced and explained in [Glu14b] , and studied in [Rom14] , the reflection law in R 2 can be extended to CP 2 by considering the complexified version of the canonical euclidean quadratic form
which is a non degenerate quadratic form on C 2 . In a similar way to the euclidean case, it leads to construct a notion of symmetry in C 2 . But because it has two isotropic subspaces of dimension 1 (namely C(1, i) and C(1, −i)), the notion of orthogonal space, and hence of symmetrical line, is not always defined. This is the reason why one needs to adapt the notion of symmetry. A similar notion of symmetry with isotropic spaces is studied in [KT09] and [DR11] in the case of pseudo-Euclidean and pseudo-Riemannian ones. • the symmetry acting on C 2 : it is the unique non-trivial complex-isometric involution fixing the points of the line L, if L is non-isotropic ;
• the symmetry acting on lines: if L is an isotropic line going through a finite point x, two lines l and l
We recall now lemma 2.3 [Glu14b] which gives an idea of this notion of symmetry in the case of an isotropic line through a finite point. This complex reflection law allows to talk about complex billiard orbits on the ellipse, as it will be done in subsection 2.3. Before studying those orbits, it is necessary to introduce some geometric notions about projective conics.
Preliminary results on complexified conics
One needs to present here useful results on confocal conics. They can be found in [Ber90] and [Kle26] . [Glu14b] also cites them in subsection 2.4. This section allows to understand some links between an ellipse and its Poncelet ellipse of triangular orbits, when both are complexified. Thus, by conic (resp. ellipse) we mean here the complex projective closure of a real regular conic (resp. ellipse). This choice of definition is due to the fact that the ellipse in which we study billard orbits is a real ellipse. Later, in order to define circumscribed circle (see section 2.4), we will understand conics as complex conics (not just complexified real ones).
Proposition 2.4 ([Ber90] subsection 17.4.2.1). A conic is a circle if and only if some of the cyclic points I or J belong to it. Furthermore, if a conic is a circle, then both I and J belong to it.
In fact, a circle has two isotropic tangent lines intersecting at its center (see the following propositions). Remark 2.8. The complex projective closure of a real ellipse has four complex foci, including two real ones.
Corollary 2.9. A conic has at most four dinstinct finite isotropic tangent lines, each two of them intersecting either at a focus, or at an isotropic point at infinity.
Complex orbits
We have enough material at this stage to study complex triangular orbits. See [Glu14b] , definition 1.3, for a more general definition of periodic orbits. Remark 2.11. The vertices of a non-degenerate orbit are not collinear since a line intersects the ellipse in at most two points.
We will also study the limit orbits of the above defined orbits, which will be called degenerate orbits.
Definition 2.12 ([Glu14b]).
A degenerate triangular complex orbit on a complex conic E is an ordered triple of points in E which is the limit of nondegenerate orbits and which is not a non-degenerate orbit. We define the sides of a degenerate orbit as the limits of the sides of the non-degenerate orbits which converge to it.
Proposition 2.13 ([Rom14], lemma 3.4). A degenerate orbit of an ellipse E has an isotropic side A which is tangent to E, and two coinciding non-isotropic sides B.
During the proof, it will be convenient to distinguish two types of orbits : the ones with no points at infinity, and the others, with at least one point at infinity: Definition 2.14. An infinite triangular complex orbit on a complex conic E is an orbit which owns at least one vertex on the infinity line. The orbits with only finite vertices are called finite orbits.
Proposition 2.15. An infinite orbit is not degenerate, and owns exactly one vertex at infinity.
Proof. Suppose two vertices, α, β, of the orbit are at infinity. Then, αβ is the infinity line. But the tangent T β to the ellipse E in β is not isotropic, and the infinity line reflects to itself through the reflexion by T β . Hence, the orbit is {α, β} = C ∞ ∩ E, which should be a degenerate orbit. But it cannot be a degenerate orbit by proposition 2.13 since the tangent lines to its vertices α, β are not isotropic. Thus, only one vertex lies at infinity.
Therefore, if it is a degenerate orbit, it has two vertices, α, β, corresponding by proposition 2.13 to two sides, A which is isotropic and tangent to the ellipse in α, and B which is a finite line going through α and β. Since the tangency points of isotropic tangent lines are finite, α is finite. Thus β is infinite (because the orbit is supposed infinite). Then B and the tangent line T β to the ellipse in β are collinear (since they have the same intersection point at infinity). But both are stable by the complex reflexion by T β , hence T β = B which is impossible since B is not tangent to the ellipse.
Circumcircle and circumcenter of complex orbits
Here we present the last part of the required definitions, which concerns the complex circles circumscribed to triangular orbits. This part is different from the previous one, because here the considered conics are complex and not necessarily complexified versions of real conics. Definition 2.16. A complex circle is a regular complex conic passing through both isotropic points at infinity. Its center is the intersection point of its tangent lines at the isotropic points.
Remark 2.17. In every sequence of complex circles, one can choose a subsequence which limits to either a circle, or a pair of isotropic finite lines, or a pair of lines from which one is being infinite and the other one is being finite, or the infinity line taken twice. Proof. Denote by α, β, γ the vertices of the orbit. We have to prove that no three points of α, β, γ, I, J are collinear. Indeed, as no vertices are on the infinity line, we only need to study two different cases:
1. α, β, γ are not collinear because they are disctinct and they lie on the ellipse which has at most two intersection points with any line.
α, β, I
are not collinear or else the line αβ would be isotropic. But it is tangent to Poncelet's ellipse Γ. Hence, αβ would also be tangent to the main ellipse by proposition 2.6, and thus α = β which is not the case.
We then exclude all other possible combinations of two vertices of the orbit with I or J, using the same arguments.
Let us extend this definition to degenerate orbits.
Definition 2.19. If T is a degenerate or a infinite orbit, its circumscribed circle is a limit of the circumscribed circles of non-degenerate finite orbits converging to T . The circumcenter of T is defined in a similar way.
The previous remark shows that in fact the circumscribed circle to a degenerate orbit is not necessarily a complex circle, but can also degenerate to pair of complex lines. The next proposition describes the nature of the circumcircle to degenerate orbits. Proof. Take a degenerate orbit T : proposition 2.13 implies that it has two sides A and B, A being an isotropic line tangent to the ellipse E in α, B being a non-isotropic line intersecting the ellipse at two distinct points α and β. Denote by D the circumcircle to the orbit and by c its center. One has α, β ∈ D.
We first exclude the case in which D is a regular conic. Suppose it is regular. Then A is tangent to D. If not, it would have two intersection points with D, one being α ; the other point is denoted by α ′ . Since A is the limit of non-isotropic sides A n of non-degenerate orbits T n , for n large enough the intersection points of A n with the circumcircle D n of T n should be close to α and α ′ . Hence, A n should cut D n in three distinct points because we can already find two points on A n converging to α. Such an intersection is impossible, hence A is tangent to the circle. But the only isotropic tangent lines of a circle are its tangent at the isotropic points I and J (because I and J belongs to the circle by definition). This would mean α is I or J, thus I or J would belong to the ellipse, hence the ellipse would be a circle (by proposition 2.4) which is not the case.
Then, D cannot be the infinity line (taken twice) : if it is, since both points α and β of the orbit belongs to D, this should mean that B is the infinity line, hence isotropic, which is not the case.
Furthermore, if D is a pair of lines, one being the infinity line and the other one -a finite line d, then β is finite. Indeed, if it is infinite, then B and the tangent line T β to the ellipse in β are collinear (since they have the same intersection point at infinity). But both are stable by the complex reflexion by T β , hence T β = B which is impossible since B is not tangent to the ellipse. 1. Case 1 is impossible, otherwise the previous defined sequence of circumcircles D n should intersect the ellipse in five disctinct points for n large enough (α is a double point), which means that the ellipse is a circle ; but it isn't.
2. Case 2 cannot happen neither. Indeed, we see first that T β is not isotropic, or else by lemma 2. Thus c lies on the ellipse : D is symmetric with respect to the foci line, hence so are α and β, which would mean that T β is an isotropic tangent line to the ellipse, but it is not. Contradiction : c cannot be on the foci line.
Proposition 2.21. The circumscribed circle to an infinite orbit is the union of the infinity line and a finite line, and its center does not belong to the foci line of the ellipse.
Proof. Take a infinite orbit T . By proposition 2.15, the orbit is non degenerate, thus has three distinct vertices, α, β, γ, and exactly one of them, let's say α, is infinite. Denote by D the circumcircle to the orbit and by c its center.
D cannot be a regular circle, because its intersection with the infinity line contains three distinct points: I, J, α. Hence D is the union of two lines. If we are in the case of two isotropic finite lines, one of the lines goes through α. Since α, I, J are distinct, this line is the infinity line, which is impossible by finiteness. Thus D is the union of C ∞ and βγ which is a finite line.
Moreover, c is on the infinity line and the direction it represents is orthogonal to βγ. Indeed, in homogeneous coordinates D has equation pz 2 + qxz + ryz = 0 where p, q, r ∈ C. Seeing T as a limit of finite orbits T n of circumcircle D n , T n has three distinct vertices for n large enough (since T has three distinct vertices by proposition 2.15). Hence we can suppose that T n is non-degenerate and that D n is a regular circle (by proposition 2.18). Then D n has an equation of the form a n (x 2 + y 2 ) + p n z 2 + q n xz + r n yz = 0 with a n = 0 and (a n : p n : q n : r n ) → (0 : p : q : r) in CP 3 . Both isotropic tangent lines to D n have equations 2a n (x ± iy) + (q n ± ir n )z = 0, whose intersection is c n = (q n : r n : −2a n ), which is the center of D n by definition. Taking the limit, we get that c has coordinates (q : r : 0). Hence c is on the infinity line. Yet the finite points of D have equation pz + qx + ry = 0, defining the line βγ of direction (r : −q : 0). Hence the direction represented by c is orthogonal to βγ.
Thus if the center of D is on the foci line F of the ellipse, then F and βγ are orthogonal. Yet βγ is tangent to Poncelet's ellipse Γ. If we denote ω the intersection point of βγ with the infinity line, then there are only two tangent lines to Γ going through ω. Hence there are only two tangent lines to Γ wich are orthogonal to F . And for each one of these tangent lines, we already know an orbit which owns this tangent line as a side (it is a real orbit which is obtained from one of both vertices of the ellipse E by Poncelet's theorem). Thus, one of these orbits, R, has βγ as a side. Denote by v the vertex of R which is a vertex of E. Since vβ, αβ and γβ are tangent to Γ, and vβ = γβ (because the vertices of R are not collinear), we have vβ = αβ (at most two tangent lines to an ellipse are going through a point), hence v = α (a line intersects a conic in at most two points). Hence α is finite, contradiction: c is not on the foci line.
Corollary 2.22. A complex triangular orbit of circumcenter lying on the foci line is finite, non-degenerate and symmetric with respect to the foci line.
Proof. We call the ellipse E. Let T be such an orbit. T is non-degenerate and finite because of propositions 2.20 and 2.21. Since it is non-degenerate, it has three vertices α, β and γ, which are not collinear, and its circumcircle, D, is a regular complex circle. Now consider T ′ obtained by reflecting T through the foci line: T ′ is another triangular orbit with the same circumcenter (since it is on the foci line) with the same circumscribed circle D. Denote respectively by α ′ , β ′ , γ ′ the images of the vertices α, β, γ under the reflexion by the foci line. Now, one side of T matches with one of T ′ , or else E and D have at least five common points, and any three of them are not collinear (since they all lie on the same circle). This means that D = E. But it can't happen since E is not a circle. Thus one side of T coincides with one of T ′ , for example βγ = β ′ γ ′ . We then show that they have the same vertices. Indeed, we can suppose β = β ′ and γ = γ ′ (by renaming the vertices). Since T is non-degenerate, T β E is non isotropic, hence the reflexion with respect to this tangent line is uniquely determined. Thus (βα) = (βα ′ ) since both lines are obtained by reflecting
We defineĈ as the subset of CP 2 consisting of circumcenters of all complex triangular orbits.
Corollary 2.23. The foci line of the ellipse intersectsĈ in two distinct points, each one of them corresponding to a single triangular orbit (up to permutations of the vertices), which is a non degenerate and finite orbit.
Proof. Take a point c ofĈ lying on the foci line. Then by corollary 2.22, an orbit of center c is finite, non-degenerate, and symmetric with respect to the foci line. If one vertex, let's say α, is not fixed by the reflection σ through the foci line, its image β by the reflection is also a vertex of the orbit (since the orbit is symmetric with respect to the foci line). Since σ is an involution, the line αβ is fixed by σ and the last vertex of the orbit, γ, is so that σ(γ) = γ. Thus αβ is orthogonal to the foci line and γ is on the foci line thus is a vertex of the ellipse. Since Poncelet's ellipse Γ has only two tangent lines which are orthogonal to the foci line (the tangent lines at its vertices), there are at most two orbits whose center c lies on the foci line (without considering the order of their vertices). But we already know two such orbits (obtained from one of both vertices of the ellipse by Poncelet's theorem) which have two distinct centers (or else the ellipse and the common circumcircle to the orbits would have six points in common, which is impossible since the ellipse is not a circle). Hence the corollary is proven.
Proof of the theorem
Let us define T , the set of all complex triangular orbits of the complex ellipse E, and T 0 ⊂ T the set of finite non-degenerate orbits. We begin with a lemma on the algebraic properties of T 0 and T which are identified with subsets of the triple cartesian product E 3 ≃ C 3 .
Lemma 3.1. T is an algebraic curve and T 0 is a Zariski open subset of T containing only regular points.
Proof. The set T 0 ⊂ T of finite non-degenerate orbits is defined by a finite number of polynomial equations and inequalities, see [Glu14b] , proof of proposition 2.14, last lines of p. 252, for similar equations. Hence, it is a Zariski open subset of an algebraic set. This together with two classical results in algebraic geometry ([Har77] , exercise 2.7 b), and [Mum74] , corollary 1 p.60) implies that its closure in the usual topology coincides with its Zariski closure. Thus, the set T is algebraic, and its dimension is equal to the dimension of the set T 0 . The set T 0 is a locally parametrized curve (one vertex of an orbit can be used as a local parameter by the implicit function theorem). Hence, dim T 0 = dim T = 1, and T is an algebraic curve.
We recall thatĈ is the subset of CP 2 consisting of circumcenters of all complex triangular orbits. We study now its intersection with the foci line F of the ellipse. Take a point c ∈ F ∩Ĉ. Denote by T * the set of all regular points of T , which is a Riemann surface containing T 0 by lemma 3.1. By corollary 2.23, φ −1 (c) consists of six orbits contained in T 0 , and corresponding to one orbit up to permutation of its vertices (this orbit is non degenerate, hence it has three distinct vertices). Let's call these orbits T 1 , ..., T 6 . Denote by V i the analytic germ of T in T i : each V i is irreducible because T i ∈ T 0 ⊂ T * is a smooth point of T . Hence, if W is an irreducible component of the germ ofĈ at c, then φ −1 (W) is the union of analytic germs contained inĈ and centered around some of the T i 's. Hence φ −1 (W) is the union of some of the V i 's (since they are irreducible). But each V i has the same image by φ (because each V i can be obtained from the other by a certain permutation, and this operation doesn't change φ). Hence the analytic germ ofĈ in c is reduced to one irreducible component. Thus the germ of φ in T 1 is a local parametrization ofĈ around c.
Let us show now that φ has a nonzero derivative in T 1 (which would implies thatĈ is smooth in a neighborhood of c) and that the intersection F ∩Ĉ is transverse in c. We fix an analytic parametrization of the ellipse, t → P (t) ∈ E, so that P (0) is the vertex of E corresponding to an orbit of center c. We can also suppose that P ′ (0) = 0 and that P (t) and P (−t) are symmetric with respect to F . Denote by T (t) the orbit whose first vertex is P (t), c(t) = φ(T (t)) the circumcenter of the orbit T (t), and r(t) = |P (t)c(t)| the radius of the circum- Since this is also true in P (0) and in the third point of T (0) (same proof), we get that E and D have three common points with the same tangent lines, which means that E is a circle. But this case was excluded at the beginning (remark 1.2).
Hence c ′ (0)⊥F and c ′ (0) = 0, which completes the proof.
